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interacting with the thermal environment: The role of Bell singlet state
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We investigate the stationary entanglement and stationary nonlocality of two qubits collectively
interacting with a common thermal environment. We assume two qubits are initially in Werner
state or Werner-like state, and find that thermal environment can make two qubits become
stationary nonlocality. The analytical relations among average thermal photon number of the
environment, entanglement and nonlocality of two qubits are given in details. It is shown that
the fraction of Bell singlet state plays a key role in the phenomenon that the common thermal
reservoir can enhance the entanglement of two qubits. Moreover, we find that the collective
decay of two qubits in a thermal reservoir at zero-temperature can generate a stationary max-
imally entangled mixed state if only the fraction of Bell singlet state in the initial state is not
smaller than 2
3
. It provides us a feasible way to prepare the maximally entangled mixed state
in various physical systems such as the trapped ions, quantum dots or Josephson Junctions.
For the case in which two qutrits collectively coupled with a common thermal reservoir at
zero-temperature, we find that the collective decay can induce the entanglement of two qutrits
initially in the maximally mixed state. The collective decay of two qutrits can also induce dis-
tillable entanglement from the initial conjectured negative partial transpose bound entangled states.
PACS numbers: 03.65.Ud, 03.67.-a, 05.40.Ca
I. INTRODUCTION
Quantum entanglement plays an important role in
quantum information. It has been recognized as a use-
ful resource in various quantum information processes
[1]. While entanglement can be destroyed by the interac-
tion between the system of interest and its surrounding
environment in most situations, there have been many
works showing that the collective interaction with a com-
mon thermal environment can cause the entanglement of
qubits [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Beige et al. have an-
alyzed ways in which entanglement could be established
within a dissipative environments [2] and shown that one
could even utilize a strong interaction of the system with
its environment to produce entanglement. Braun has also
shown that two qubits with degenerate energy levels can
be entangled via interaction with a common heat bath
[3]. Schneider and Milburn have studied the pairwise en-
tanglement in the steady state of the Dicke model and
revealed how the steady state of the ion trap with all
ions driven simultaneously and coupled collectively to a
heat bath could exhibit quantum entanglement [4]. Kim
et al. have investigated the interaction of the thermal
field and a quantum system composed of two qubits and
found that such a chaotic field with minimal informa-
tion could entangle qubits that were prepared initially
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in a separable state [5]. Kraus and Cirac have shown
how one could entangle distant atoms by using squeezed
light [6]. Clark and Parkins [11] have proposed a scheme
to controllably entangle the internal states of two atoms
trapped in a high-finesse optical cavity by employing
quantum-reservoir engineering. For generating multipar-
tite entanglement, Duan and Kimble have proposed an
efficient scheme to engineer multi-atom entanglement by
detecting cavity decay through single-photon detectors
[7]. More recently, it has been shown that white noise
may play a constructive role in generating the control-
lable entanglement in some specific situations [8, 27].
In this paper, we investigate the system of two qubits
or two qutrits collectively interacting with a common
thermal reservoir. For two-qubit case, we analyze the
role of the fraction of Bell singlet state and the aver-
age photon number of thermal reservoir in the station-
ary state entanglement and Bell violation. It is shown
that the fraction of Bell singlet state in the initial state
is a key fact determining whether the common thermal
reservoir can enhance the entanglement or Bell violation
of two qubits or not. For two-qutrit case, we find that
two qutrits initially in the conjectured bound entangled
Werner state can become distillable due to the collec-
tive decay caused by the common thermal reservoir at
zero-temperature. Even if two qutrits are initially in the
maximally mixed state, they can evolve into a stationary
entangled state under the collective decay. The distinct
aspect of collective decay of two qutrits is that a pure
Bell singlet state may be generated from an initial mixed
state.
2In the last year, much attention has been paid to
the preparation of the maximally entangled mixed state
[12, 13]. The properties of maximally entangled mixed
state have been studied by many authors [14, 15, 16]
Here, we show that collective decay of two qubits ini-
tially in the standard Werner state in a common thermal
reservoir at zero-temperature can generate a stationary
maximally entangled mixed state if only the fraction of
Bell singlet state in the initial state is not smaller than 23 .
It is found that stationary state ρ1 of two qubits initially
in the standard Werner state in the common thermal
reservoir builds a bridge across the Werner state with
r ≥ 59 and the maximally entangled mixed state if the
temperature of the reservoir can be adiabatically varied
from zero to infinite or vice versa.
This paper is organized as follows: In Sec.II we inves-
tigate the stationary state entanglement of two qubits
collectively interacting with a common thermal reservoir
and find that the fraction of the Bell singlet state in the
initial state plays a key role in the question whether the
common thermal reservoir can enhance the entanglement
of two qubits or not. In Sec.III, the Bell violation of
the stationary state of two qubits is investigated and it
is shown that, in certain situation, the common ther-
mal reservoir may drive two qubits initially satisfying
Bell-CHSH inequality into a stationary state which vio-
lates the Bell-CHSH inequality. In Sec.IV, we investigate
the concurrence versus the linear entropy of the station-
ary state and find that the common thermal reservoir
at zero-temperature can make two qubits initially in the
standard Werner state become a maximally entangled
mixed state if only the fraction of the Bell singlet state
in the initial state is not smaller than 23 . In Sec.V, we
turn to consider the case in which two qutrits collectively
interacting with a common thermal reservoir at zero-
temperature and find that the initial maximally mixed
state of two qutrits can become a stationary entangled
state. Furthermore, we show that two qutrits initially in
the conjectured bound entangled Werner state can be-
come free entangled due to the collective decay caused
by the common thermal reservoir at zero-temperature.
In Sec.VI, there are some concluding remarks.
II. THE STATIONARY ENTANGLEMENT OF
TWO QUBITS COLLECTIVELY INTERACTING
WITH A THERMAL RESERVOIR
Up to date, much attention has been paid to the
environment-induced entanglement [2, 3, 4, 5, 6, 8, 10,
11]. Here, we consider such a situation in which two
qubits collectively interacting with a common thermal
reservoir. Two qubits are assumed initially in the Werner
state or Werner-like states. Under the Markovian ap-
proximation, the dynamical behavior of two qubits in this
case can be described by the following master equation
∂ρˆ
∂t
=
(N + 1)γ
2
(2Jˆ−ρˆJˆ+ − Jˆ+Jˆ−ρˆ− ρˆJˆ+Jˆ−)
+
Nγ
2
(2Jˆ+ρˆJˆ− − Jˆ−Jˆ+ρˆ− ρˆJˆ−Jˆ+), (1)
where γ characterizes the coupling strength between two
qubits and the thermal reservoir. N is the mean phonon
number of the thermal environment. Jˆ± are the collective
atomic operators defined by
Jˆ± =
2∑
i=1
σˆ
(i)
± ,
σˆ
(i)
+ = |1i〉〈0i|, σˆ(i)− = |0i〉〈1i|, (2)
where |1i〉 and |0i〉 are up and down states of the ith
qubit, respectively. Recently, the Werner or Werner-like
states [16, 17, 18, 19] has intrigued many interests for
the applications in quantum information processes. Lee
and Kim have discussed the entanglement teleportation
via the Werner states [20]. Hiroshima and Ishizaka have
studied the entanglement of the so-called Werner deriva-
tive, which is the state transformed by nonlocal unitary-
local or nonlocal-operations from aWerner state [21]. Mi-
ranowicz has examined the Bell violation and entangle-
ment of Werner states of two qubits in independent decay
channels [22]. The experimental preparation and charac-
terization of the Werner states have also been reported.
An experiment for preparing a Werner state via sponta-
neous parametric down-conversion has been put forward
[23]. Barbieri et al. have presented a novel technique
for generating and characterizing two-photon polariza-
tion Werner states [13], which is based on the peculiar
spatial characteristics of a high brilliance source of en-
tangled pairs. If the two qubits are initially prepared
in the Werner state or Werner-like state, how does the
external common thermal reservoir affect their entangle-
ment and nonlocality properties? Here, we address this
question and show that both the stationary state entan-
glement and nonlocality heavily depend on the fraction
of Bell singlet state in the initial state and the intensity
of the thermal reservoir. The standard two-qubit Werner
state is defined by [17]
ρW = r|Φ−〉〈Φ−|+ 1− r
4
I ⊗ I, (3)
where r ∈ [0, 1], and |Φ−〉 is the singlet state of two
qubits. I is the identity operator of a single qubit. Re-
cently, definition (3) is generalized to include the follow-
ing states of two qubits [16, 18, 19]
ρ
′
W = r|Φ+〉〈Φ+|+
1− r
4
I ⊗ I, (4)
where |Φ±〉 =
√
2
2 (|10〉±|01〉). Both the Werner state (3)
and the Werner-like state (4) are very important in quan-
tum information. The Werner state (3) is highly symmet-
ric and SU(2)⊗SU(2) invariant [17, 24]. The mixedness,
entanglement and nonlocality of both the Werner state
and the Werner-like state are uniquely determined by the
parameter r. In the following, we consider two different
3cases. In the case 1, two qubits are initially in the state
(r ∈ [0, 1]) r|Φ−〉〈Φ−|+ 1−r4 I⊗I; In the case 2, two qubits
are initially r|Φ+〉〈Φ+|+ 1−r4 I ⊗ I. The fractions of the
Bell singlet state defined by Tr(|Φ−〉〈Φ−|ρ) in both cases
are f1(r) =
1+3r
4 and f2(r) =
1−r
4 respectively. We will
show that the fraction of the Bell singlet state plays a
crucial role in the stationary entanglement and station-
ary Bell violation. In the case 1, as the time t → ∞,
the stationary state of the master equation (1) can be
obtained as follows:
ρ1 = a1|11〉〈11|+ a2|10〉〈10|+ a3|01〉〈01|+ a4|00〉〈00|
+a5|10〉〈01|+ a∗5|01〉〈10|,(5)
where
a1 =
(3− 3r)N2
4L
,
a2 = a3 =
r − 1 + (2 + 2r)L
8L
,
a4 = 1− a1 − a2 − a3,
a5 =
r − 1− 4rL
8L
,
L = 1 + 3N(N + 1). (6)
In the case 2, the stationary state of the master equation
(1) can be obtained as follows:
ρ2 = b1|11〉〈11|+ b2|10〉〈10|+ b3|01〉〈01|+ b4|00〉〈00|
+b5|10〉〈01|+ b∗5|01〉〈10|, (7)
where
b1 =
(3 + r)N2
4L
,
b2 = b3 =
−r − 3 + (6− 2r)L
24L
,
b4 = 1− b1 − b2 − b3,
b5 =
−r − 3 + 4rL
24L
. (8)
In order to quantify the degree of entanglement, we adopt
the concurrence C defined by Wooters [25]. The concur-
rence varies from C = 0 for an unentangled state to C = 1
for a maximally entangled state. For two qubits, in the
”Standard” eigenbasis: |1〉 ≡ |11〉, |2〉 ≡ |10〉, |3〉 ≡ |01〉,
|4〉 ≡ |00〉, the concurrence may be calculated explicitly
from the following:
C = max{λ1 − λ2 − λ3 − λ4, 0}, (9)
where the λi(i = 1, 2, 3, 4) are the square roots of the
eigenvalues in decreasing order of magnitude of the ”spin-
flipped” density matrix operator R = ρs(σ
y⊗σy)ρ∗s(σy⊗
σy), where the asterisk indicates complex conjugation.
It is straightforward to compute analytically the concur-
rence C1 and C2 for the density matrices ρ1 and ρ2, re-
spectively,
C1 = max[0,
1 + 3r + (18r − 6)(N2 +N)
4(3N2 + 3N + 1)
], (10)
and
C2 = max[0,
1− r − (6 + 6r)(N +N2)
4(3N2 + 3N + 1)
], (11)
which implies the stationary state ρ1 is entangled for the
case with a fixedN if and only if r > 6N
2+6N−1
18N2+18N+3 . Mean-
while, the stationary state ρ2 is entangled if and only if
two inequalities 0 ≤ r < 1−6N−6N21+6N+6N2 and 0 ≤ N <
√
15−3
6
are simultaneously satisfied. In Fig.1, the concurrences
C1 is plotted as the function of the parameter r of the
initial Werner state and the average phonon number N
of the thermal reservoir. It is shown that, if two qubits
are initially in the standard Werner state, the stationary
entanglement of two qubits increases with the fraction of
the Bell singlet state in their initial state, and decreases
with N . In Fig.2, we plot the concurrence C2 as the func-
tion of the parameter r of the initial Werner-like state in
Eq.(4) and the average photon number N of the thermal
reservoir. We can see that the stationary state entan-
glement decreases both with the increase of r and N ,
which implies the higher initial entanglement does not
result in the higher stationary state entanglement. The
reason is that the fraction of the Bell singlet state in the
Werner-like state r|Φ+〉〈Φ+| + 1−r4 I ⊗ I decreases with
r. From Fig.1 and Fig.2, we can observe that, in the
case with N = 0, namely two qubits collectively interact
with a thermal reservoir at zero-temperature, the sta-
tionary state is always entangled if only the initial state
of two qubits is not absolutely symmetric, i.e. the frac-
tion of Bell singlet state in the initial state is not zero.
When r ≤ 13 , the initial Werner state or Werner-like state
are separable. Surprisingly, the external thermal reser-
voir can enhance the entanglement of two qubits even if
two qubits are initially in a separable state. For exam-
ple, when r = 0, two qubits is initially in the maximally
mixed state. However, the collective interaction between
two qubits and the low-temperature thermal reservoir
can drive two initial maximally mixed qubits into a sta-
tionary entangled mixed state. Comparing the stationary
state entanglement with the entanglement of the initial
Werner or Werner-like states, we can obtain the condition
that the entanglement can be enhanced by external com-
mon thermal environment. This condition closely relates
to the fraction F of Bell singlet state and the average
photon number of the thermal environment, which can
be expressed by the following inequalities:
1 > F > max(
1
6
,
3N2 + 3N
6N2 + 6N + 1
). (12)
or
1
6
≥ F > 9N
2 + 9N + 2
36N2 + 36N + 14
. (13)
The increment of entanglement between the stationary
state entanglement and its initial entanglement of the
Werner state can be obtained as follows:
∆C = max[0, C1 −max(0, 3r − 1
2
)] For case 1,
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FIG. 1: The concurrence C1 of the stationary states ρ1 is
plotted as the function of the parameter r of the initial Werner
state r|Φ−〉〈Φ−|+ 1−r
4
I⊗I and the intensity N of the external
common thermal environment.
∆C = max[0, C2 −max(0, 3r − 1
2
)] For case 2. (14)
In Fig.3, we plot the increment of entanglement between
the stationary state entanglement and its initial entan-
glement of the Werner state as the function of N and
r. It is shown that the thermal reservoir can enhance
the entanglement of two qubits in the range indicated by
the inequalities (12) and (13). When the parameter r of
the initial Werner state is larger than 13 , the increment
of entanglement ∆C decreases both with the increase of
r and N . When r ≤ 13 , the initial state is separable,
nevertheless, the stationary state may be entangled if
only r > 6N
2+6N−1
18N2+18N+3 . From Eq.(10) or Eq.(14), we can
get a conclusion that the common thermal reservoir with
any large intensity can enhance the entanglement of two
qubits collectively coupled with the reservoir if only the
fraction F of Bell singlet state in the initial Werner state
is smaller than 1 and not smaller than 12 . In Fig.4, the
increment of entanglement between the stationary state
entanglement and its initial entanglement of the Werner-
like state in Eq.(4) is plotted as the function of N and
r. We can see that, in this case, the increment of en-
tanglement decreases both with r and N . In the follow-
ing section, we shall investigate how a common thermal
reservoir affects the Bell violation of two qubits initially
in the Werner state.
III. BELL VIOLATION OF TWO QUBITS
INTERACTING WITH A COMMON THERMAL
ENVIRONMENT
In this section, we attempt to discuss the nonlocality of
two qubits in their stationary states. The nonlocal prop-
erty of two qubits can be characterized by the maximal
violation of Bell inequality. Recently, it has been argued
0
0.05
0.1
0.15
0.2
N
0
0.25
0.5
0.75
1
r0
0.1
0.2
C2
FIG. 2: The concurrence C2 of the stationary states ρ2 is plot-
ted as the function of the parameter r of the initial Werner-
like state r|Φ+〉〈Φ+| + 1−r
4
I ⊗ I and the intensity N of the
external common thermal environment.
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FIG. 3: The increment ∆C of entanglement between the sta-
tionary state entanglement and its initial entanglement of the
Werner state r|Φ−〉〈Φ−|+ 1−r
4
I ⊗ I is plotted as the function
of N and r.
that entanglement and nonlocality of two qubits are dif-
ferent resources [26]. We also find that the stochastic-
resonance-like behavior of entanglement can not be ob-
served in the Bell violation of two qubits during the evolu-
tion [27]. The concurrence, one of the good entanglement
measures, is not monotonic function of the maximal vio-
lation of Bell inequality for some entangled mixed states
of two qubits [31]. So it is interesting to investigate how
the collective decay of two qubits can affect their max-
imal violation of Bell inequality. The most commonly
discussed Bell inequality is the CHSH inequality [28, 29].
The CHSH operator reads
Bˆ = ~a · ~σ ⊗ (~b + ~b′) · ~σ + ~a′ · ~σ ⊗ (~b− ~b′) · ~σ, (15)
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FIG. 4: The increment ∆C of entanglement between the sta-
tionary state entanglement and its initial entanglement of the
Werner-like state r|Φ+〉〈Φ+|+ 1−r
4
I⊗I is plotted as the func-
tion of N and r.
where ~a, ~a′,~b, ~b′ are unit vectors. In the above notation,
the Bell inequality reads
|〈Bˆ〉| ≤ 2. (16)
The maximal amount of Bell violation of a state ρ is given
by [30]
B = 2
√
λ+ λ˜, (17)
where λ and λ˜ are the two largest eigenvalues of T †ρTρ.
The matrix Tρ is determined completely by the correla-
tion functions being a 3 × 3 matrix whose elements are
(Tρ)nm = Tr(ρσn ⊗ σm). Here, σ1 ≡ σx, σ2 ≡ σy, and
σ3 ≡ σz denote the usual Pauli matrices. We call the
quantity B the maximal violation measure, which indi-
cates the Bell violation when B > 2 and the maximal
violation when B = 2√2. In what follows, we focus our
attention on the role of the common thermal reservoir on
the Bell violation of two qubits. If two qubits are ini-
tially in the Werner or Werner-like states, we find that
the Bell violation of stationary state of two qubits heav-
ily depends on the fraction of the Bell singlet state in the
initial state.
For the density operator ρ1 in Eqs.(5-6) and ρ2 in
Eqs.(7-8) characterizing the two stationary states of two
qubits governed by the master equation (1) correspond-
ing to two kinds of different initial states, the maximal
Bell violation |B1|max and |B2|max can be written as fol-
lows
|B1|max = 2
√
4|a5|2 +max[4|a5|2, (1− 4a2)2] (18)
and
|B2|max = 2
√
4|b5|2 +max[4|b5|2, (1− 4b2)2] (19)
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FIG. 5: Maximal Bell violation of the stationary state ρ1 is
plotted as the function of the parameter r of the initial Werner
state r|Φ−〉〈Φ−|+ 1−r
4
I⊗I and the intensity N of the external
common thermal environment.
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FIG. 6: Concurrence versus mixedness for the stationary
states ρ1 is depicted for any possible values of N and dif-
ferent values of r. The short dash line and the short dot
line represent the Werner state and the maximally entangled
mixed state (the frontier of the concurrence versus the linear
entropy), respectively.
The sufficient and necessary condition for |B1|max > 2
can be derived as follows:
r >
2
√
2− 1 + 6√2N(N + 1)
3 + 12N(N + 1)
, (20)
and |B2|max can be easily verified that it can not be
larger than 2. Since the initial standard Werner state
can not violate any Bell-CHSH inequality when r ≤√
2
2 , it is interesting that the corresponding stationary
state may achieve the Bell violation even if
√
2
2 ≥ r >
2
√
2−1+6
√
2N(N+1)
3+12N(N+1) , which means the common thermal
reservoir can induce the stationary Bell violation of two
qubits. This may be important for the experimental ver-
ification of Bell violation in the quantum dots in which
60.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
 
 
r=0.8
r=0.6
r=0.4
r=0.2
C2
M2
FIG. 7: Concurrence versus mixedness for the stationary
states ρ2 is depicted for any possible values of N and differ-
ent values of r. The dash dot dot line represents the Werner
state.
the collective decay may be caused by the common ther-
mal phonon background. In Fig.5, we plot the maximal
value of the Bell violation of the stationary state as the
function of r and N for the case in which two qubits are
initially in the standard Werner state. It is shown that
Bell violation of the stationary state decreases with the
decrease of the parameter r. The Bell violation also de-
creases with N . However, if the initial standard Werner
state is very pure, the Bell violation of its stationary state
is robust against the collective decay.
IV. CONCURRENCE VERSUS MIXEDNESS OF
TWO QUBITS INTERACTING WITH A
COMMON THERMAL ENVIRONMENT
In this section, we pay our attention to investigate
how the common thermal reservoir affects the relation
between the concurrence and the mixedness of the sta-
tionary state. We find the common thermal reservoir
can drive two qubits to exceed the curve of the initial
standard Werner state in the figure labelled by the con-
currence and the linear entropy if only the fraction of Bell
singlet state is not smaller than a threshold value. Ordi-
narily, the mixedness of a state can be characterized by
the linear entropy which is defined by M = 43 (1−Trρ2).
For the stationary states ρ1 and ρ2 in Eqs.(5-6) and
Eqs.(7-8) respectively, the mixedness can be calculated
as follows:
M1(ρ1) =
4
3
(1−
4∑
i=1
a2i − 2a25),
M2(ρ2) =
4
3
(1 −
4∑
i=1
b2i − 2b25). (21)
In Fig.6, we display the concurrence and the mixedness
of the stationary state ρ1 of two qubits which is initially
in the standard Werner state. From Fig.6, it can be ob-
served that in the situations with r ≥ 0.4, the corre-
sponding stationary state can go beyond the curve of the
concurrence and linear entropy of the original Werner
state. When the intensity of the common thermal reser-
voir decreases, the concurrence of the corresponding sta-
tionary state ρ1 increases and its mixedness characterized
by the linear entropy decreases. This implies that the
common thermal reservoir not only can enhance the con-
currence of the mixed state initially with large fraction
of Bell singlet state but also can decrease the mixedness.
This counterintuitive phenomenon may be helpful for the
entanglement purification or distillation.
From Eqs.(5-6), we can immediately know that the sta-
tionary state is as the same as the initial Werner state
in the case of infinite high temperature thermal reser-
voir, i.e. N → ∞. In the case with N = 0, i.e. a
thermal reservoir at zero-temperature, the corresponding
stationary states ρ1 with r ≥ 59 become the maximally
entangled mixed state, i.e. the frontier of the concurrence
versus the linear entropy of two qubits [16]. So we can
achieve a conclusion that the common thermal reservoir
at zero-temperature can make two qubits initially in the
standard Werner state become a maximally entangled
mixed state if only the fraction of the Bell singlet state
in the initial state is not smaller than 23 . It provides us a
feasible way to prepare the maximally entangled mixed
state in various physical systems such as the trapped ions,
quantum dots or Josephson Junctions. In these systems,
the collective decay has been extensively studied both
theoretically and experimentally. One may see that sta-
tionary state ρ1 of two qubits in the common thermal
reservoir builds a bridge across the Werner state with
r ≥ 59 and the maximally entangled mixed state if the
temperature of the reservoir can be adiabatically varied.
We conjecture that this property is closely related to the
fact that the frontier of the concurrence versus the linear
entropy of two qubits contains two different branches [16].
Interestingly, If we adopt negativity to measure the en-
tanglement of two qubits, the Werner state becomes the
frontier in the sense that these states have the maximal
negativity for a given linear entropy or Von-Neumann
entropy [16]. So roughly speaking, the stationary states
ρ1 with r ≥ 5/9 of two qubits in the common thermal
reservoir in two extreme situations, i.e. the zero temper-
ature and the infinite high temperature, become part of
the frontier of the concurrence versus linear entropy and
the whole frontier of the negativity versus linear entropy,
respectively. Therefore, it is very necessary to study the
relation among the negativity of the stationary state, the
intensity of the common reservoir and the fraction of Bell
singlet state.
The negativity for a bipartite state ρ is defined as
N (ρ) = 2
∑
i
|µi|, (22)
where µi is the negative eigenvalues of partial transpose
ρΓ of the density matrix ρ. We can easily obtain the
7negativityN1 andN2 of the stationary state ρ1 in Eqs.(5-
6) and ρ2 in Eqs.(7-8) respectively as follows:
N1 = 1
2
|a1 + a4 −
√
(a1 − a4)2 + 4|a5|2|
−1
2
(a1 + a4 −
√
(a1 − a4)2 + 4|a5|2), (23)
and
N2 = 1
2
|b1 + b4 −
√
(b1 − b4)2 + 4|b5|2|
−1
2
(b1 + b4 −
√
(b1 − b4)2 + 4|b5|2), (24)
We find that the negativity N1 decreases with N and
increases with r, and the negativity N2 decreases with
N and r. In Fig.7, we display the concurrence and the
mixedness of the stationary state ρ2 of two qubits. It
is shown that, the entanglement of the stationary state
for a given value of mixedness is much smaller than the
entanglement of the Werner state with the same value of
mixedness.
V. THE COLLECTIVE DECAY OF TWO
QUTRITS
In this section, we turn to consider the collective decay
of two qutrits in the common thermal reservoir at zero-
temperature. Under the Markovian approximation, the
collective decay of two qutrits can be described by the
following master equation:
∂ρ
∂t
= γ(2L−ρL+ − L+L−ρ− ρL+L−), (25)
where L± ≡
∑2
i=1 J
(i)
± , and J
(i)
− (J
(i)
+ ) is the qutrit down
(up) operator of the ith qutrit. The representation of
J± in the space spanned by the three orthogonal vector
{|1〉, |2〉, |3〉} of a qutrit can be written as
J− =
√
2|1〉〈2|+
√
2|2〉〈3|
J+ =
√
2|2〉〈1|+
√
2|3〉〈2|. (26)
If we assume that two qutrits are initially in the max-
imally mixed state, i.e. ρ0 =
1
9
∑3
i,j=1 |i, j〉〈i, j|, then
the corresponding stationary state of the master equa-
tion (24) can be obtained as
ρs =
5
9
|1, 1〉〈1, 1|+ 1
6
(|1, 2〉 − |2, 1〉)(〈1, 2| − 〈2, 1|)
+
1
27
(|3, 1〉+ |1, 3〉 − |2, 2〉)(〈3, 1|+ 〈1, 3| − 〈2, 2|). (27)
It is easy to verify that the ρs is an entangled state of two
qutrits and its negativity defined by Eq.(22) can be cal-
culated as
√
97−8
27 . In what follows, we further show that
two qutrits initially in some conjectured negative partial
transpose bound entangled states can become distillable.
In Ref.[32, 33], the authors presented the following con-
jecture: Given is the class of Werner state in H3 ⊗H3
ρW (η) =
1
8η − 1(ηI3 ⊗ I3 −
η + 1
3
3∑
i,j=1
|i, j〉〈j, i|) (28)
where I3 is the identity operator in H3. The state
limη→∞ ρW (η) is separable and for any finite η ≥ 12
ρW (η) is entangled and violates the Peres-Horodecki cri-
terion [34, 35]. It has been shown that there is convincing
evidence in support of the conjecture that for all η ≥ 2
the state ρW (η) is undistillable. We will show that two
qutrits initially in ρW (η) can become a stationary free
entangled state.
Substituting ρW (η) into Eq.(25), and the correspond-
ing stationary state can be easily obtained
ρ
(s)
W (η) =
1
24η − 3 [(10η − 5)|1, 1〉〈1, 1|+ (2η − 1)|S1〉〈S1|
+(12η + 3)|A1〉〈A1|],(29)
where |S1〉 =
√
3
3 (|3, 1〉 + |1, 3〉 − |2, 2〉), and |A1〉 =√
2
2 (|1, 2〉 − |2, 1〉). The negativity of the stationary state
ρ
(s)
W (η) can be calculated as
N = 2(
√
ζ23 + 4ζ
2
2 − ζ3) + 2|κ|, (30)
where κ is the negative root of the polynomial
x3 − (ζ1 + ζ2)x2 + (ζ1ζ2 − ζ22 − ζ23 )x+ ζ32 = 0, (31)
and
ζ1 =
10η − 5
24η − 3 ,
ζ2 =
2η − 1
72η − 9 ,
ζ3 =
4η + 1
16η − 2 . (32)
In Fig.8, we plot the negativity N of the stationary state
ρ
(s)
W (η) as the function of η. It is shown that the negativ-
ity decreases with η and eventually converges to about
0.21. In the case with η = 12 , we can see that the station-
ary state ρ
(s)
W (
1
2 ) is a maximally entangled state |A1〉〈A1|
in the space spanned by {|1, 1〉, |1, 2〉, |2, 1〉, |2, 2〉}. This
implies that the common zero-temperature thermal reser-
voir plays a similar role with the entanglement purifier in
this case. In the limit η →∞, ρ(s)W (∞) is also entangled.
We will demonstrate that ρ
(s)
W (η) (η ∈ [2,∞)) is distill-
able even though the initial state ρW (η) is conjectured to
be undistillable in this region. By applying the local pro-
jection Π1,2⊗Π1,2 ≡ (|1〉〈1|+ |2〉〈2|)⊗ (|1〉〈1|+ |2〉〈2|) on
ρ
(s)
W (η), we can immediately obtain the resulted density
operator
ρ
(r)
W (η) =
Π1,2 ⊗Π1,2ρ(s)W (η)Π1,2 ⊗Π1,2
Tr(Π1,2 ⊗Π1,2ρ(s)W (η)Π1,2 ⊗Π1,2)
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FIG. 8: The negativity of the stationary state ρ
(s)
W
(η) is plot-
ted as the function of the parameter η.
=
2η − 1
68η − 7 |2, 2〉〈2, 2|+
30η − 15
68η − 7 |1, 1〉〈1, 1|
+
36η + 9
68η − 7 |A1〉〈A1|, (33)
where Tr(Π1,2 ⊗ Π1,2ρ(s)W (η)Π1,2 ⊗ Π1,2) = 68η−772η−9 is the
probability of obtaining the state ρ
(r)
W (η). It is easy to
verify that the partial transpose of ρ
(r)
W (η) is not posi-
tive for any values of η ∈ [ 12 ,∞). So ρ(r)W (η) is always
distillable for any values of η ∈ [ 12 ,∞) according to the
fact that the nonpositivity of a partial transpose is neces-
sary and sufficient for distillability of 2× 2 systems [36].
Since the state ρ
(r)
W (η) comes from the local projection
of the state ρ
(s)
W (η), the distillability of ρ
(r)
W (η) indicates
that ρ
(s)
W (η) is also distillable in the region η ∈ [ 12 ,∞).
This kind of environment-assisted distillation may be
very important for quantum information processes based
on qutrits. It is possible to generalize the above results
to two qudits with the higher dimension or two spins d−12
with d > 3. Those results will be discussed elsewhere.
VI. CONCLUSION
In this paper, we have investigated the systems of two
qubits or qutrits collectively interacting with a common
thermal reservoir. It is shown that the fraction of Bell
singlet state in the initial state is a key fact determining
whether the collective decay can enhance the stationary
state entanglement or Bell violation of two qubits or not.
We have also found that collective decay of two qubits
or two qutrits can induce stationary entanglement from
their initial maximally mixed state. The detailed ana-
lytical relations among average thermal phonon number
of the thermal reservoir, entanglement and Bell violation
of two qubits have been obtained. The common thermal
reservoir with any large intensity can enhance the entan-
glement of two qubits initially in a mixed Werner state
collectively coupled with the reservoir if only the fraction
F of Bell singlet state in the initial state is not smaller
than 12 . If the fraction F of Bell singlet state in the
initial Werner state is not smaller than 23 , two qubits in
a common zero-temperature thermal reservoir can evolve
into a stationary maximally entangled mixed state as the
time t→∞. The corresponding stationary states of two
qubits initially in the standardWerner state with r ≥ 5/9
in the common thermal reservoirs with two extreme sit-
uations, i.e. the zero temperature and the infinite high
temperature, become part of the frontier of the concur-
rence versus linear entropy and the whole frontier of the
negativity versus linear entropy, respectively.
For two-qutrit case, we have found that two qutrits ini-
tially in the conjectured bound entangled Werner state
can become distillable due to the collective decay caused
by the common zero-temperature thermal reservoir. In
addition, we obtained a more striking result that a pure
stationary Bell singlet state in the 2× 2 subspace of two
qutrits may be generated from an initial mixed state in
such a decoherence process. This kind of environment-
induced superselection [37] may provide us a very use-
ful quantum channel which is very desirable in quantum
communication or quantum computation.
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